form-based (DCT-based) coding algorithms (e.g., the A novel postprocessing method based on the optimal shift-JPEG standard for still image compression [1] ). The invariant wavelet packet (SIWP) representation and wavelet enhancement of compressed images has been regarded as shrinkage is proposed to enhance compressed images. At the a filtering problem. Various linear/nonlinear spaceencoder, the optimal (in the mean square error sense) SIWP invariant/space-variant filtering methods have been probasis is searched using a fast optimization algorithm and the posed [2] [3] [4][5][6][7]. These filtering methods often suffer from a location of the best basis in the entire SIWP library is transmit-trade-off between reduction of coding artifacts and preserted as overhead information to the decoder. The selected basis vation of image features. On the other hand, enhancement is jointly optimal in terms of both the time-frequency tiling and of compressed images has also been viewed as a restoration the relative time-domain offset (or shift) between a signal and problem. Various restoration methods such as projection its wavelet packet representation. After the decoder reconstructs the compressed image, the postprocessor performs onto convex sets, constrained least-squares, and maximum wavelet shrinkage using the optimal basis. Due to its powerful a posteriori estimation, have been proposed [8][9][10][11][12] [13] [14]. Since adaptability, the method is shown to achieve a better trade-off these restoration methods are typically recursive, their between enhancement performance and decoder complexity computational complexity is high.
INTRODUCTION
be an efficient method for de-noising. The key operation in the original wavelet shrinkage is thresholding orthonormal Lossy image coding is necessary in many visual commuwavelet transform (OWT) coefficients (in this paper, only nication applications because limited transmission bandwavelet transforms for discrete-time signals are discussed). width or storage space often does not permit lossless image Since the OWT is critically decimated, the OWT-based coding, where compression ratios are typically low. Howwavelet shrinkage is computationally efficient and its comever, the quality of lossy-coded images can be severely plexity is O(N ) for a discrete-time signal of length N, degraded and unacceptable, especially at low bit rates. The provided that the length of the filter bank associated with distortion caused by compression usually manifests itself the OWT is much smaller than N. Gopinath et al.
[17] first as various perceptually annoying artifacts. This problem applied wavelet shrinkage to postprocessing JPEG-coded calls for postprocessing or enhancement of compressed images and obtained considerable improvement in terms images.
of both the objective and subjective quality. However, it Significant work has been published on the postprohas been argued [18] that OWT-based wavelet shrinkage cessing of compressed images. Most existing postprosometimes produces visual artifacts such as the ''pseudocessing methods are designed to reduce (or to attenuate)
Gibbs phenomena'' in the neighborhood of discontinuities the blocking artifacts caused by block discrete cosine transdue to the lack of shift invariance of the OWT. Since we deal with signals of finite length, by shift we really mean * This work was supported by a grant from Southwestern Bell Technol-circular shift. In addition, due to the nonstationarity of ogy Resources, Inc. Part of this work has been presented at the IS&T/ images, the fixed subband decomposition characterizing image structures and, hence, limits its performance. A
• It achieves a good compromise between the suppression of coding artifacts and the preservation of image feamore advanced method [19] based on the so-called ''sectures. ond-generation de-noising'' technique [18, 20] , i.e. thresh-
• Its low postprocessing complexity permits fast decodolding undecimated wavelet transform (UWT) coeffiing, which is often not enjoyed by those iterative methods. cients, was proposed to significantly improve both the
• It is universal in the sense that it can enhance images objective and subjective quality of the processed images compressed at different bit rates by different approaches and to avoid new artifacts resulting from postprocessing.
(such as DCT, subband coding/wavelet transform, and Further improvement may be achieved by combining edgefractal coding) and suppress various coding artifacts (such preserving techniques with wavelet shrinkage [21] . The as blocking, ringing, and false-contouring) [19] . Also, it is enhancement results using the UWT are better than those independent of codec structure and can be combined with using the OWT at the cost of increasing the computational any lossy codec. complexity from O(N ) to O(N log 2 N ). There seems to be a trade-off between enhancement performance and After finishing this work, the authors discovered the computational complexity. In many real-time image com-recent work by Cohen et al. [23] , where the optimal SIWP munication applications, fast decoding is crucial. There-representation for a continuous-time signal was addressed. fore, postprocessing methods with good enhancement per-However, they did not suggest any suitable application. In formance and low complexity are desired.
this paper, we study the optimal SIWP representation for In this paper, we propose a novel postprocessing method a discrete-time signal. Such a powerful representation can to solve the above dilemma. At the encoder, the optimal be applied to a large variety of digital signal processing applications, including the enhancement of compressed (in the mean square error sense) shift-invariant wavelet images discussed in this paper. packet (SIWP) basis is searched using a fast optimization
The remainder of the paper is organized as follows. In algorithm and the location of the best basis in the entire the next section we briefly review wavelet shrinkage for undecimated wavelet packet (UWP) library is transmitted image enhancement. In Section 3, we introduce the concept as overhead information combined with the bit stream to of SIWP representation, present a fast algorithm to search the decoder. After the decoder reconstructs the decomthe best basis in a SIWP library, provide an example to pressed image, the postprocessor performs wavelet shrinkshow the advantage of such a representation, and propose age using the wavelet packet transform (WPT) associated its application to the enhancement of compressed images. with the optimal SIWP basis. The UWP library contains We demonstrate our simulation results in Section 4. SecCoifman and Wickerhauser's wavelet packet (WP) library tion 5 concludes the paper.
[22] as a subset and overcomes the lack of shift-invariance
In this paper, we use boldfaced lowercase and uppercase of the WP representation by adding an additional degree letters to denote vectors and matrices, respectively. The of freedom, shift. Therefore, the SIWP representation perith component of the vector x is denoted by x i . mits better adaption to the nonstationarity of images. We demonstrate that the proposed method can achieve compa- , and wavelet domain and has been proved to work well in a overhead information. Such a problem does not exist for broad range of applications. the OWT-based method and the UWT-based method.
Suppose we want to recover a signal s from a noisy However, increased complexity for a one-time encoding observation r ; i.e., process is reasonable for numerous real-world applications r ϭ s ϩ n (1) (such as digital image libraries, centralized image storage banks, and image broadcasting over networks), where in-where n is additive noise. Let W and W ȁ be the wavelet creased quality is desired and simplicity of decoding is matrices associated with a forward wavelet transform and essential. In addition, we show that the overhead informa-its corresponding inverse transform, respectively. The tion needed to be transmitted to the decoder requires an wavelet transform can be OWT, UWT, or WPT. Wavelet insignificant number of bits; hence, the increase of bit-rate shrinkage constitutes of three steps: (1) a forward wavelet can be ignored. The advantages of the proposed method transform, (2) a wavelet-domain thresholding operation, over classic postprocessing methods lie in the following as- (3) an inverse transform; i.e., the estimate of s (denoted by ŝ) is given by pects:
depicts one level of undecimated subband decomposition, in which both the even-indexed and odd-indexed coefficients are kept. For a signal x of length N, the decomposiwhere T t ͕и͖ denotes a thresholding operator with a threshtion results in four subband components of length N/2: old t. The thresholding rule can be either the hard-threshthe even-indexed lowpass component y l,e , the odd-indexed olding nonlinearity, lowpass component y l,o , the even-indexed highpass component y h,e , and the odd-indexed highpass component y h,o . We represent such a decomposition as a tree (see Fig. 1b ),
where the root stands for the signal and its four child nodes stand for the four subband components. It has been known or the soft-thresholding nonlinearity [25, 26] that either the even-indexed coefficients or the odd-indexed ones are sufficient to reconstruct the signal perfectly; i.e., we have two orthonormal transforms of the signal:
otherwise.
(4)
There exists a variety of ways for determining the threshold t [15, 16] . Usually, the threshold explicitly depends on the
variance of the noise and the length of the signal.
It has been shown that if the OWT is used in the wavelet shrinkage, the estimate (2) is asymptotically optimal (in where the matrices W e and W o are the corresponding parathe mean square sense) for a wide class of smooth signals unitary wavelet matrices [27] . The first transform is indeed corrupted by additive white Gaussian noise. In [17] , the the OWT. OWT-based wavelet shrinkage was applied to the removal of blocking artifacts in JPEG-coded images, where the coding error is neither white nor Gaussian. The success of wavelet shrinkage in the enhancement of compressed images is a result of the compression property of wavelet bases [24] . In a compressed image, the remaining important features (e.g., edges) are typically dominant and global, and the coding artifacts are subdominant and local (e.g., the blocking artifacts in JPEG-coded images). The wavelet transform compacts the energy of those features into a small number of wavelet coefficients having large magnitude and spreads the energy of the coding error into a large number of wavelet coefficients having small magnitude; i.e., the image features and the coding artifacts are well-separated in the wavelet domain. Therefore, among the wavelet coefficients of a compressed image, those large coefficients very likely correspond to the original image, and those small ones very likely correspond to the coding artifacts. Naturally, keeping large coefficients and eliminating small ones (i.e., setting them to zero), or thresholding, will reduce the energy of the coding error. in the filter bank associated with the OWT. Figure 1a We now compare the adaptability of the UWP decomposition and the WP decomposition by studying the size properties of the UWP library and the WP library. Let N WP (L) and N UWP (L) be the numbers of bases contained in the Llevel WP library and UWP library, respectively. We shall estimate the lower and upper bounds for N WP (L) and N UWP (L) based on the following proposition whose proof is given in the Appendix.
ENHANCEMENT OF COMPRESSED IMAGES

PROPOSITION. If a sequence of natural numbers A(L) satisfies the recursion
where c Ն 1 is a constant, then for a given L 0 , 
(b) the OWT subtree in the two-level UWP tree; (c) the OWP subtree in the two-level UWP tree (filled nodes, subtree nodes).
with N WP (1) ϭ 2. According to the proposition, it follows that for a given L 0 , Fig. 1a , iterating the undecimated subband decomposition on all the four subband components and so on will lead to the undecimated wavelet packet (UWP) decomposi-for any L such that L Ն L 0 . tion, which can be represented as a quadruple tree. As a Similar to N WP (L), the number N UWP (L) may be calcuresult, we obtain a rich library of orthonormal transforms lated recursively. In fact, we can combine four L-level of the signal with each transform corresponding to an or-UWP trees, plus a new root, into a new UWP tree of thonormal basis. Thus, we have a library of orthonormal L ϩ 1 levels. To represent the root node, we need to bases for the signal, to which we refer as the UWP library. choose a basis from either the two leftmost L-level subtrees Apparently, the WP library proposed in [22] is only a or the two rightmost ones. The two leftmost subtrees are subset of the UWP library, for the latter possesses an independent. So are the two rightmost ones. Therefore, additional degree of freedom, decimation selection, which we obtain the recursive formula actually corresponds to the relative time-domain offset (or shift) between the signal and the WP decomposition having
The Undecimated Wavelet Packet Decomposition
(11) a fixed decimation strategy. In Fig. 2a , we plot a two-level UWP tree. Figures 2b and 2c illustrate the OWT and WP with N UWP (1) ϭ 3. According to the proposition, it follows representations in the UWP tree, respectively.
that for a given L 0 , For a signal of length N, one level of the undecimated subband decomposition results in 2N coefficients. There-
In the case of the full UWP decomposition, i.e., L ϭ log 2 N, the complexity becomes O(N 2 ). We conclude that the for any L such that L Ն L 0 .
Comparing the above bounds, we find that the UWP complexity of the UWP is higher than those of the OWT and the WP, which are O (N ) and O(N log 2 N ) , respec-library contains more bases than the WP library with the same number of levels, and the difference increases rapidly tively. as the number of levels increases. In Table 1 , we list the number of bases in the WP and UWP libraries up to L ϭ 4. We remark that, although the recursive formula (11) was also given in [23] , our bound estimates are sharper than those proposed there.
Selecting the Optimal SIWP Basis
FIG. 3.
The algorithm for searching the optimal SIWP basis.
From the previous discussion we know that for a given signal, the UWP decomposition provides a rich library of orthonormal bases. It is often desirable to use the optimal We now show that the optimal basis selected by the basis (under a certain criterion) to represent the signal.
above algorithm is shift-invariant; i.e., if the signal is Similar to [22], we can use any additive cost function C shifted, then there is another basis in the UWP library as the criterion; i.e., C ͕0͖ ϭ 0 and C ͕x͖ ϭ ͚ i C ͕x i ͖. In Fig. having the same cost as that of the optimal basis for the 1b, the signal x has three orthonormal representations: y e , unshifted signal. In Fig. 1 , we define y o , and itself. The optimal representation for x (denoted by B ͕x͖) is the one having the minimum cost; i.e.,
ϭ min ͕C ͕x͖, C opt ͕ y l,e ͖ ϩ C opt ͕ y h,e ͖, C opt ͕ y l,o ͖ Since y l is the output of a linear, shift-invariant system ϩ C opt ͕ y h,o ͖͖ (14) H(z), when the input x is shifted by an integer k, y l will also be shifted by k. Furthermore, if k is even, then both and y l,e and y l,o remain unchanged up to a shift; otherwise, y l,e and y l,o are exchanged, i.e., y l,e is the same as the previous B ͕x͖ ϭ arg min ͕C ͕x͖, C opt ͕ y e ͖, C opt ͕ y o ͖͖, (15) y l,o up to a shift, and vice versa. Similar argument holds for y h,e and y h,o . Therefore, if k is even, then y e and y o where C opt ͕x͖ denotes the cost of the optimal basis for x. remain unchanged; otherwise, y e and y o are exchanged and Based on this idea, we propose an algorithm to search the respectively permuted. Since the cost function is assumed optimal basis in a UWP library of arbitrary levels. We to be additive (i.e., it is invariant to permutation), the describe the algorithm in Fig. 3 using pseudo code. In fact, minimum cost among the costs of x, y e , and y o remains the algorithm performs a joint optimization in the sense unchanged when x is shifted. In fact, we can carry out this that the selected basis enjoys both the optimal time-inference iteratively on the entire UWP tree. Thus, we frequency tiling and the optimal relative time-domain off-conclude that the global minimum cost of the shifted x will set (or shift) between the signal and the original WP de-be the same as that of the unshifted one. composition.
From Fig. 3 , it is straightforward to see that the complex-3.4. A Synthetic Example ity of processing each node in the UWP tree is O(1) and so is that of processing each UWP coefficient. Therefore, We now provide a synthetic example to demonstrate the power of the optimal SIWP basis. Figure 4a depicts a the total complexity is O(N 2 ) for a signal of length N. Considering the number of bases in the UWP library (see length-64 signal. Figure 4b illustrates a noisy observation of the original signal, where the noise is additive and white the proposition), we conclude that the proposed algorithm is fast and efficient.
Gaussian, and the signal-to-noise ratio is 5 dB. Our goal here is to recover the signal from the noisy data via wavelet wavelet domain. This is because the fixed subband decomposition characterizing the OWT and the lack of shiftshrinkage. In this example, we use Daubechies' 4-tap orthonormal wavelet filter [28] . In Figs. 4c and 4d we plot invariance of the wavelet basis fail to guarantee an optimal adaption to local signal structures. Therefore, in such an the OWT coefficients of the original signal and the noisy one, respectively. Apparently, the representation of the inefficient representation of the noisy data (Fig. 4d) , some signal features are buried by the noise so that the reuslting signal using the OWT (Fig. 4c) is not sparse enough; i.e., the signal energy is not sufficiently concentrated in the performance of the wavelet shrinkage is limited. Figure 4g served, and no visible artifacts due to de-noising are introduced.
The above example indicates that the optimal SIWP representation can achieve better adaption to signals and Although the proposed method causes an increase of lead to a more efficient representation than the OWT.
the encoder complexity, the complexity of postprocessing is low. We believe that such an asymmetric distribution of
Application to the Enhancement of complexities is useful in most real-world applications of Compressed Images
image ocmpression where fast decoding is preferable. The aforementioned optimal SIWP representation can
In our method, some side information needs to be transbe easily extended to two dimensions. We will now apply mitted to the decoder. We next show that the effect of the it to the enhancement of compressed images. For a given side information on the compression ratio is insignificant. subband component, we choose the mean square error For each node in the UWP tree of an image, one of five (MSE) between the UWP coefficients of the original (un-competitors wins. Thus, three bits is enough to code the compressed) subband component and those of the postpro-five cases. There are a total of ͚ LϪ1 lϭ0 4 l nodes that need to cessed subband component as the cost function of the node be coded in order to sufficiently represent the location associated with the subband component.
information of the optimal basis in the UWP tree. ThereAt the encoder, after the encoding is finished, we fore, the number of overhead bits is (1) perform UWP decompositions on the original image and the compressed one;
(17) (2) threshold the UWP coefficients of the compressed image;
For a K-bit gray-scale image of size M ϫ N and a compres-(3) search for the optimal SIWP basis using the algosion ratio R, the ratio between the number of overhead rithm; bits and the total number of transmitted bits is given by (4) and code the resulting optimal basis.
At the decoder, after the decoding is finished, we
(1) perform a forward WPT on the compressed image using the optimal basis; For instance, when M ϭ N ϭ 512, K ϭ 8, R ϭ 100 : 1, and (2) threshold the WPT coefficients of the compressed L ϭ 4, the above ratio is about 1.2%. Therefore, even at image; very low bit rates, the number of overhead bits is gener-(3) and perform the corresponding inverse WPT on the ally negligible. thresholded coefficients to obtain an enhanced image.
Since we apply an orthonormal transform using the opti-
SIMULATION RESULTS
mal basis at the decoder, the associated transform-domain thresholding is optimal in the MSE sense; i.e., we minimize In our simulation, we choose four 8-bit gray-scale test images: the 512 ϫ 512 images ''Lenna'' and ''Mandrill,'' the MSE of the postprocessed image. and the 256 ϫ 256 images ''Cameraman'' and ''Building.'' a 4-scale subband decomposition for 512 ϫ 512 images and We apply three wavelet shrinkage methods based on the a 3-scale one for 256 ϫ 256 images. OWT, the UWT, and the SIWP, respectively, to the images Table 2 shows the enhancement results of the three compressed by a JPEG codec at different bit-rates and methods in terms of PSNR for the four test images. We compare their enhancement performance in terms of both find that all three methods can consistently improve the objective and subjective quality. We use peak signal-to-objective quality of the processed images. In particular, noise ratio (PSNR) as the metric for objective image qual-both the UWT-based shrinkage and the SIWP-based ity. The PSNR is defined as shrinkage outperform the OWT-based one, and the performance of the former two methods are comparable.
In our experiments, we obtained consistently improved subjective quality. Figure 5 illustrates an example of the PSNR ϭ 10 log 10 than in Fig. 5c; i. processing applications where good signal adaption is es-12. Y. Yang, N. P. Galatsanos, and A. K. Katsaggelos, Projection-based sential.
